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Dl  SCO VLi ~ NC HIDDEN TOTALLY LEONT WF SUBSTITUTION SYSTEMS

by

Gec r g~ B. D a n t z l L

A t a l l y  Le~~~ 1ei~~~~~ re_System L~ = b is d e f i n e d  by t he

f o l l o w i n g  p r o p e r t i e s :

(a) Eve ry ‘umn øf I. has at most one pos i t ive  elemen t  ; b ‘ 0;

L is m .

( b )  Lu = b ~a~’ a so l u ti on  U > 0.

I t  is easy to  s~~€ t h a t  ever”  row of 1. has ~i t  leas t  ~~~i pos i t ive

element —— h ide ed  t h e r e  a l e  •~ yac ?~ ly  m p o s i t  ive  e 1ement ~~, each in a

d i f f ~~r en t  co lumn . O t h e r  p r o p e r t i e s  ir e : L is n o n — s i n g u l a r ,  L 1 
> 0

and l.u = b , :L = c y ie lds  u ~ 0 , ~~> O  f o r  a l l  h c -, 0. See [4J .

A T o t a l l y  L eou t i e f  Substitution_Systern Ax = lefined by the

~ol lowing p i ’ e  r t  t OS

( c) Iv ery  c r 0  A ( * , ~
) ~f A h a s  • i~ ‘ ~~‘ ‘  i t ly e  oiip m. nt b > C;

A is m / n .

‘d) f l i t ~ ].in ir prog ram ; F i n d  ~1.ix z

( 1) Ax = h , x ‘ 0 , cx 7

= ( 1 , 1 , . ..,  1), 1. ,  f e a s i b l e  i t i t h  x z is f i n i te .

\ r t h i ’ r  F. V inott , hr. has made severa l suggeStions that are incorpo rated
inte t lie I c~ r i thm and p r o o f s  p r e s e n t e d , sue 17 1
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Other  p r o p e r t i e s  ar t  t h a t  eve r ’, ~ I umn of  A has e x a c t l y  one

p o s i t i v e  e l e m e n t ;  every row of A h as  one or m ore ’  p o s i t iv e  e l e m e n t s ;

every subset  of m columns w i t h  a ~‘os i t  I ye H t a t  i i i  ea~~1 i row f o r m s

a feas lb le bas i s .  All  b a s i c  fe . i s i b  h e  SO l u t  ns ar  n o n — d e g en e r a t e .

Main  r e fe rences  are [3] , 1 7 1 ,  [8] ,  and 1~ ].

Subsi  i to i  C l as s e s :  Associ ited w i t h i  any  I r is i b i c  basis B

to a genera l ~nc;t I pr o g r am i s  t h e  c t  
~ 

of c ) lum n  j 0~ I lees j such t h a t

A( * , ] )  i f  sL ” ct i t u t e d  fo r  h ( * , i) forms a f e a s i b le  basis .  S . i s

non—empty  for  each I s ince  i t  includes ~: A (* , j )  = B( * , i ).  In

general S . ~r ’pends on B. For the  L e o n t i t f  suh s t J tu t i o n  case , however ,

it is indepem’ent of the choice of B , since the substituti on class

S. clearly co~ sists of all j that have a positive element In the

same row . It ~s convenient to have S. correspond to all columns j

whost positiv element is in row i. We shall refer to the latter as

“row—standarYzed” substitution classes .

A sy s t m

( 1 )  A x b

wher e  A is ’i ~ n is a “h idden ” t o t a l l y  L e o n t i e f  s u b s t i t u t i o n  sys tem

i f  t h e r e  exis~~$ a nu n s  tn g u la r  m a t r i x  R such t h a t

( 2 )  (R A ) x  (Rb )

a t s t i i l y ‘ c on t i e f  s u b s t i t u t i o n  sy st e m ,

2
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The Problem. Given a linear system Ax = b find a nonslngular matrix

R if it exists such that RAx = Rb is a totally l,eontief substitution

system.

Constructive Solution.

s~!p i: Solve the linear program: Find Max z

(2) Ax = b , x > 0, cx = x (Max)

Term inate i f in feasible or unbounded, or if the optimal basic feasible

solution is degenerate. Let B be the optima l feasible basis .

Step 2: Determine substitution classes S1, S2, •
~~~~

•
~~~ 

S
m 

with respect

to B. Terminate if there is ambiguity about which subs titution class

a column belongs to.

!! ~1? 3: For each i, for i = (1, ..., m) determine multipliers

R(i, *) such tha t

R( i ,*) A(* ,j)  > I , if j E

< 0 , if j~~~~S.

R(i ,*)b 1

Terminate if for any I = (1, ..., m) the above linear inequality system

is infeasible. I. not terminate, the matrix R whose rows are R(i , *)

is the solution.

Proof Step 1: If the original system (2) is infeasible or unbounded ,

i.e., an optimal solution of the linear program (2) fails to exist ,

then the same is true for every linear transform using non—singular R,

contradicting the existence of an R for (2) such that (d) holds.

3
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Proof Step 2: The only way there can he difficult y In determining

which columns an entering column replaces in the basis is the unbounded

case (ruled out on Step 1) or there is a tie in the ratio test for

selecting a pivot in the simplex method . The latter implies that the

feasible basic feasible solution obtained after the substitution is

degenera te. This is ruled out since all basic feasible solution.~ are

non—degenerate in a Leont~ ef substitution system.

Proof Step 3: Note that feasibility and the adjacency properties of

feasible bases that differ by one column are invariant under non—singular

linear trans curms . After transformation by R(i, *), assuming R

exists , row i of RA should have + components corresponding to

substitution class S
k
. We can permute the rows of R so that S~

corresponds to the “row standardized” substitution class associated with

i of RA, namely R(i, *) A(*, j )  > 0 for j E S
i 

and R(i, *)

A(*, j )  0 otherwise; we also have R(i, *).b > 0 for i = (1, .. ., m).

Step III can be solved by applying Phase I of the simplex method to a

linear program.
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